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Introduction

Dilute regime → mainly s-wave interaction

T fraction of TF → T ∼0

Experimentally tunable interaction

Crossover from weakly interacting Fermions (paired) to weakly
repulsive Bosons (molecules)
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Cold atoms

Example of Fermionic superfluids:

Superconductors, ∆/EF ∼ 10−4

Liquid 3He, ∆/EF ∼ 10−3

High-TC superconductors, ∆/EF ∼ 10−2

Cold Fermi gases, ∆/EF ∼ 0.5

Neutron matter, ∆/EF ∼ 0.35

Systems very interesting to study:

Tunable interaction (Feshbach resonances)

Universality connecting free Fermions (BCS) to free Bosons (BEC)

Experiments (EOS, the contact parameter, various responses, ...)

Very similar to low-density neutron matter
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Overview

The model and Quantum Monte Carlo methods

The unitary limit and the BCS-BEC crossover

Contact parameter

Static response to external potentials

Density and spin response functions

Conclusions
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Background

Unitary limit:

reff � r0 � |a| , reff = 0 , |a| =∞
Only one scale: → E = ξEFG

The model:

H = − ~2

2ml

Nl∑
i=1

∇2
i +

~2

2mh

Nh∑
i=1

∇2
i +

∑
i ,j

v(rij )

Ideally: v(r) ∼ δ(r)

System strongly interacting and non-perturbative
→ Quantum Monte Carlo methods
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Quantum Monte Carlo

Evolution of Schrodinger equation in imaginary time t:

ψ(t) = e−(H−ET )tψ(0)

At t →∞ we get ψ(t)→ φ0 if not orthogonal to ψ(0).

Propagation performed by

ψ(R, t) = 〈R|ψ(t)〉 =

∫
dR ′G (R,R ′, t)ψ(R ′, 0)

where G (R,R ′, t) is an approximate propagator known in the small-time
limit:

G (R,R ′,∆t) = 〈R|e−H∆t |R ′〉 ≈ 〈R|e−p2∆t |R ′〉〈R|e−V ∆t |R ′〉

Then we need to iterate the above integral equation many times in the
small time-step limit.
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Monte Carlo methods

Diffusion Monte Carlo: coordinate space (continuum). Fixed-node
approximation (upperbound).

A careful optimization of ψT is very important.

ψT (R) =
∏
i,j

f (rij ) ΦBCS , φpair (rij ) =
∑

n

cn exp(iknrij) + β(rij )

f (rij ) contains both short- and long-range correlations.

∼15-20 parameters to variationally optimize.

Auxiliary Field Monte Carlo: orbitals (lattice). Exact for unpolarized
systems with attractive interaction. Results independent to the trial
wave function (but for the variance it matters).
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Short range potential

Models of v(r):

∼ −V0 cosh−2(µr)

∼ −V0[exp(−(µr)2/4)− 4 exp(−(µr)2)]

∼ −V0[exp(−µr)− 2 exp(−2(µr))]

0 0.5 1
r / r

eff

v
(r

) 
 (

a
.u

.)

Poschl-Teller
2-Gauss
Morse
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Unitary Fermi gas - finite size effects
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Forbes, Gandolfi, Gezerlis PRL 106, 235303 (2011).

Finite size effects well under control in QMC using pairing orbitals.
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Unitary Fermi gas - Exact calculation of ξ
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ξ = 0.372(5) Carlson, Gandolfi, Schmidt, Zhang PRA 84, 061602 (2011)
ξ = 0.376(5) subsequent experiment at MIT (Ku, Sommer, Cheuk,
Zwierlein, Science (2012))

Predictive power of QMC confirmed by experiments!
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BCS-BEC crossover
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Fixed-node DMC results:

m↑/m↓ = 1: ξ = 0.389(1) mh/ml = 6.5: ξ = 0.368(1)
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Unitary Fermi gas - Effective range extrapolation
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In this range S = 0.12(2), independent to v(r) and to mh/ml .

AFMC: S = 0.11(3), Carlson, Gandolfi, Schmidt, Zhang, PRA 84,
061602 (2011).
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Fermi gas and neutron matter
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Carlson, Gandolfi, Gezerlis, PTEP 01A209 (2012).
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Contact parameter

Tan universal relations:

E

EFG
= ξ − ζ

kFa
− 5ν

3(kFa)2
+ . . . ,

C

NkF
=

6

5
πζ

N(k)→ 8

10π
ζ
k4

F

k4
=

2

3π2

C

NkF

k4
F

k4

g↑↓(r)→ 9π

20
ζ(kF r)−2 =

3

8

C

NkF
(kF r)−2

S↑↓(k)→ 3π

10
ζ
kF

k
=

1

4

C

NkF

kF

k

Shina Tan, Ann. Phys. (2008).
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Contact parameter
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C/NkF = 3.39(1), Gandolfi, Schmidt, Carlson, PRA 83, 041601 (2011).
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Contact parameter
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Hoinka, Lingham, Fenech, Hu, Vale, Drut, Gandolfi, PRL 110, 055305 (2013).

Green point: Enss, Haussmann, Zwerger, Ann. Phys. 326, 770 (2011).
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Static response

H scale invariant, functional should work for any external potential.

Static response to an external potential V = −V0

∑
cos(q · r)
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Carlson, Gandolfi, in preparation.

Eg =

∫
Vext(r)ρ(r) +ξ

3

5
(3π2)2/3ρ5/3 +cg ∇ρ1/2·∇ρ1/2− c4

∇2ρ1/2∇2ρ1/2

ρ2/3
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Unitary gas in a trap
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Dynamic response functions

Response to an operator Ŝ :

S(q, ω) =
∑

n

∣∣∣〈ψn|Ŝ(q)|ψ0〉
∣∣∣2 δ(En − E0 − ω)

Euclidean (or imaginary-time) response:

S(q, τ) =

∫
dωK (ω, τ)S(q, ω) = 〈ψ0|Ŝ†(q)K (H, τ)Ŝ(q)|ψ0〉

where the density- and spin-density response operators are:

Ŝρ(q) =
∑

i

e i~q~ri Ŝσ(q) =
∑

i

σz
i e

i~q~ri

Note: S(q, τ = 0) gives the sum rule of Ŝ .
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Static Structure Function - density-response sum rule
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Static Structure Function
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Dynamic response functions

Calculation of S(q, τ) possible with QMC, but the inversion of
imaginary-time response is a very difficult task.

Sumudu kernel (Roggero, Pederiva, Orlandini, arXiv:1209.5638),
resolution controllable with respect Laplace

KQ(ω, τ̃) = N
(
e−µ

ω
τ̃ − e−ν

ω
τ̃

)P

combined with a maximum-entropy like method

Genetic Inversion via Falsification of Theories (GIFT) method
(Vitali, Rossi, Reatto, Galli, PRB 82, 174510, 2010), where S(ω) is
a sampled histogram to have

χ2
i (S) ∝

∑
j

[
Si (τj )−

∫
dω e−ωτjS(ω)

]2

≈ 1
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Density and spin response
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Roggero, Vitali, in preparation.

TDHF (DMC+CBF)

Exp: q=4.2kF Hoinka, et al., PRL 110, 055305 (2013).

See also Astrakharchik, Boronat, Krotscheck, Lichtenegger, arXiv (2013).
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Density and spin response
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Conclusions

QMC methods very successful to calculate the BCS-BEC crossover
of strongly interacting Fermi gases.

Contact parameter and structure factor in good agreement with
experimental measurements.

Long-range correlations very important to describe S(q) at low q.

Static response useful to constrain density functionals and describe
systems in a trap.

Calculation of dynamic density- and spin-response functions in
progress.

Thank you!
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